
	
	
	
	
	
	
	
	
	
	

	
	

	
	
	

Plenary Talks 



PROBLEMS IN TIME-FREQUENCY ANALYSIS

KARLHEINZ GRÖCHENIG

Gabor analysis studies the spanning properties of time-frequency shifts.
The origins are in the work of von Neumann on the foundations of quan-
tum mechanics and of Gabor on the foundations of information theory.
Despite many characterizations of Gabor frames it remains di�cult to
determine whether a given set of time-frequency shifts forms a frame or
not. There are many open problems, but few conjectures.

In this talk we highlight some recent results about Gabor frames with
a totally positive window. We show that the set of phase-space shifts of
g (totally positive with a Gaussian part) with respect to a rectangular
lattice forms a frame, if and only if the density of the lattice is strictly
larger than 1. This solves an open problem going back to Daubechies in
1990 for the class of totally positive functions of Gaussian type.

A subtle connection between Gabor frames and sampling in shift-
invariant spaces then leads to optimal sampling results for shift-invariant
spaces with totally positive generator. These sampling theorems can be
formulated in analogy to the theorems of Beurling and Landau for ban-
dlimited functions and validate the heuristic reasonings in the engineering
literature.

The talk is based on joint work with Jose Luis Romero, Univ. of Vi-
enna, and Joachim Stöckler, Technical Univ. Dortmund.
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A BEALS CRITERION FOR MAGNETIC
PSEUDO-DIFFERENTIAL OPERATORS PROVED WITH

MAGNETIC GABOR FRAMES.

BERNARD HELFFER

We give a new proof for the Beals commutator criterion for non-

magnetic pseudo-di↵erential operators based on classical Gabor tight

frames. By introducing then a modified ’magnetic’ Gabor tight frame,

we naturally derive the magnetic analogue of a Beals’ criterion originally

considered by Iftimie-Măntoiu-Purice. If time permits other applications

of the magnetic calculus will be given. This is a work in collaboration

with H. Cornean and R. Purice.
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INTERSECTION THEOREMS, GEVREY CLASSES AND
HYPERFUNCTIONS

OTTO LIESS

In this talk I will concentrate on joint work with Luigi Rodino and on results which have

been obtained later both by Rodino and collaborators and by Y. Okada and myself. The

central notion on which these results are based is that of “inhomogeneous Gevrey classes”.

These classes are a natural generalization of Gevrey, respectively Denjoy-Carleman classes,

but their inhomogeneity makes them more versatile. The talk is to a large part a survey,

but I will also describe some unpublished results and some work in progress. Gevrey and

Denjoy-Carleman classes have a long history, but the motivations for studying them have

varied with time. Part of the talk will be devoted to speak about the motivations Luigi

Rodino and I had to look into inhomogeneous variants of these classes and to mention

some applications, to higher microlocalization, and more recently, to hyperfunction theory.

While trying to say something about related generalizations of Gevrey classes by other

mathematicians, I will also mention some limits concerning of what one can possibly

achieve by using them.

Università degli Studi di Bologna
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1



SOLVABILITY OF DEGENERATE OPERATORS

ALBERTO PARMEGGIANI

In this talk, I will be describing some recent results obtained in joined
work with Serena Federico, regarding the solvability of degenerate oper-
ators of the kind

P =
NX

j=1

X⇤
j fjXj +XN+1 + iX0

in various situations. TheXj, XN+1 andX0 are first-order di↵erential op-
erators, with homogeneous symbol of degree 1, where XN+1 and X0 have
a real symbol, and the fj are smooth real-valued functions. This class
(which contains operators that are non-hypoelliptic) is a generalization
of Kannai’s celebrated example and that studied by Colombini, Cordaro
and Pernazza. We shall give su�cient conditions which ensure the local
solvability of P . In general, one will have L2 to L2 local solvability.
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TRANSLATION-MODULATION INVARIANT BANACH
SPACES OF DISTRIBUTIONS AND

ULTRADISTRIBUTIONS

STEVAN PILIPOVIĆ

Modulation spaces have been considered by many authors both in the
setting of distributions and ultradistributions and they have shown useful
in the study of pseudodi↵erential and localization operators. The Banach
spaces we introduce here allow us to consider natural generalizations of
the Mp,q

! (Rd) spaces and further refine the scale of modulation spaces.
We will define the class of so-called translation-modulation invariant

Banach (TMIB) spaces of distributions and ultradistributions

Joint work with Pavel Dimovski, Bojan Prangoski and Jasson Vindas.
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HYPOELLIPTIC FUNCTIONAL INEQUALITIES

MICHAEL RUZHANSKY

In this talk we will give a review of our recent research on hypoel-
liptic functional inequalities. On one hand, in [1] we established Hardy
and Rellich inequalities on general homogeneous groups, with subsequent
developments now leading to the forthcoming publication of the book [2].

On the other hand, more recently, in [3], we managed to link the in-
tegral Hardy inequalities on homogeneous groups to their hypoelliptic
versions through the Riesz and Bessel kernels of the Rockland opera-
tors (hypoelliptic left-invariant homogeneous di↵erential operators, fol-
lowing the Hel↵er-Nourrigat’s resolution of the Rockland conjecture in
the 80s). Consequently, this leads to general hypoelliptic versions of
Hardy-Sobolev, Trudinger-Moser, Ca↵arelli-Kohn-Nirenberg, Gagliardi-
Nirenberg and other inequalities. We will then concentrate also on dis-
cussing their best constants, ground states for higher order hypoelliptic
Schrödinger type equations, and the solutions to the corresponding vari-
ational problems.

If time permits, we will discuss how to go beyond the setting of graded
groups, e.g. to general metric measure spaces [4]. This leads, for exam-
ple, to versions of the above inequalities in the settings of general (non-
unimodular) Lie groups (e.g. extending Sobolev inequalities in [5]), or to
hyperbolic spaces (or more general Riemannian manifolds with negative
curvature [6]).
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PARAMETRICES OF THE ZAREMBA PROBLEM
WITHIN THE EDGE CALCULUS.

B.-WOLFGANG SCHULZE

In a joint paper with D.-C. Chang and N. Habal we studied the

Zaremba problem for the Laplacian with an interface Z of codimension

1 on the boundary Y of a smooth domain, where Z subdivides Y into a

Dirichlet part YD and a Neumann part YN . It is well-known from a classi-

cal paper of Hörmander, that reducing the corresponding mixed problem

{D,N} with jumping boundary conditions from Dirichlet to Neumann

across Z gives rise to a classical pseudo-di↵erential operator R of first

order on the Neumann side YN . For some chosen Sobolev smoothness s
(first su�ciently large and later on interpreted as a weight ) the trans-

formation {D,N} ! R is arranged by using techniques from Boutet de

Monvel’s algebra in such a way that R can be computed in terms of the

original mixed boundary value problem and vice versa. The interface Z
is in fact the boundary of YN , and the transmission property at Z is vio-

lated by the operator R. Since the model cone of local wedges close to Z
coincides with the closed half-axis the edge calculus for classical pseudo-

di↵erential operators in Lµ
cl(Y )|Y \YD

works, though such operators do

not appear in edge-degenerate form, at least at first glance. However,

R admits such an interpretion, according to an observation in a joint

paper with J. Seiler. Thus, for weights 6= 1/2 modulo Z the operator

R 2 L1
cl(Y )|Y \YD

may be treated as an upper left corner of an elliptic

operator in the edge calculus, consisting of 2⇥2 block matrices, contain-

ing extra trace and potential operators with respect to Z. Those may be

chosen as elliptic boundary conditions at Z, since for R an analogue of

the Atiyah-Bott obstruction for their existence vanishes. There are then

parametrices of such problems in the edge calculus, and those can be

employed for constructing parametrices for the Zaremba problem itself,

also in an edge calculus, now referring to the above-mentioned domain

with edge Z on its boundary.

Institut für Mathematik, Universität Potsdam, Campus Golm (Ger-
many)
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LIFTINGS FOR ULTRA-MODULATION SPACES, AND

ONE-PARAMETER GROUPS OF GEVREY TYPE

PSEUDO-DIFFERENTIAL OPERATORS

JOACHIM TOFT

Let !0 be a weight which is moderated by a submultiplicative weights

which satisfies the Gelfand-Raikov-Shilov (GRS) condition, and let s � 1.

Also let �
(!0)
s (�

(!0)
0,s ) be the set of the Gevrey type symbols which consists

of all smooth a which satisfies

|@↵a(X)| . h|↵|↵!s!0(X)

for some h > 0 (for every h > 0). We deduce one-parameter group

properties for pseudo-di↵erential operators Op(a) with symbols in �
(!0)
s or

in �
(!0)
0,s ). We use this to show that there are pseudo-di↵erential operators

Op(a) and Op(b) which are inverses to each others, where a 2 �
(!0)
⇤ and

b 2 �
(1/!0)
⇤ .

By combining these results with the techniques in [2], we explain how

to deduce lifting property for modulation spaces and construct explicit

isomorpisms between them. Some ideas goes back to [1]. Especially we

prove that for each weight functions !,!0 moderated by GRS submulti-

plicative weights, the Toeplitz operator (or localization operator) Tp(!0)

is an isomorphism from Mp,q
(!) onto Mp,q

(!/!0)
for every p, q 2 (0,1].

The talk is based on joint work with A. Abdeljawad and S. Coriasco

(cf. [4]).
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DISCRETE ANALOGS OF WIGNER TRANSFORMS

AND WEYL TRANSFORMS

MAN-WAH WONG

We first introduce the discrete Fourier–Wigner transform and the dis-

crete Wigner transform on functions in L
2
(Z). We prove that proper-

ties of the standard Wigner transform of functions in L
2
(Rn

) such as the

Moyal identity, the inversion formula, time-frequency marginal conditions

and the resolution formula hold for the Wigner transforms of functions

in L
2
(Z). Using the discrete Wigner transform, we define the discrete

Weyl transform corresponsing to a suitable symbol on Z⇥ S1
. We give a

necessary and su�cient condition for the self-adjointness of the discrete

Weyl transform. Moreover, we give a necessary and su�cient condition

for a discrete Weyl transform to be a Hilbert–Schmidt operator. Then

we show how we can reconstruct the symbol from its corresponding Weyl

transform. We prove that the product of two discrete Weyl transforms

is again a discrete Weyl transform and an explicit formula for the sym-

bol of the product of two discrete Weyl transforms is given. This result

gives a necessary and su�cient condition for the discrete Weyl transform

to be in the trace class. C
⇤
-algebras and H

⇤
-algebras of discrete Weyl

transforms are introduced if time permits. (This is joint work in progress

with Professor Shahla Molahajloo of the Institute for Advanced Studies

in Basic Sciences in Iran.)
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