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PSEUDO-DIFFERENTIAL OPERATORS WITH COMPOUND
NON-REGULAR SYMBOLS

YURI KARLOVICH

The boundedness and compactness of Fourier pseudo-di↵erential operators with com-
pound symbols in subclasses of L1(R2, L1(R)) is studied on weighted Lebesgue spaces
Lp(R, w) with p 2 (1,1) and Muckenhoupt weights w 2 Ap(R) by applying the tech-
niques of oscillatory integrals. The boundedness and compactness conditions are also
obtained for Mellin pseudo-di↵erential operators with compound symbols in subclasses of
L1(R2

+, L
1(R)), which act on the spaces Lp(R+, dµ), where dµ(t) = dt/t for t 2 R+. The

latter results allow one to reduce the smoothness of slowly oscillating Carleson curves �
and slowly oscillating Muckenhoupt weights w in the Fredholm study of singular integral
operators with shifts on weighted Lebesgue spaces Lp(�, w). Applications are considered.
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EXAMPLES OF NEW NONSTANDARD HULLS OF TOPOLOGICAL
VECTOR SPACES

ADEL KHALFALLAH AND SIEGMUND KOSAREW 1

We construct new nonstandard hulls of topological vector spaces using convex subrings

of R (or C) and we show that such spaces are complete, see [3]. Some examples of locally

convex spaces are provided to illustrate our construction.

The first is given by the F-nonstandard hull of E(⌦), the space of smooth functions

over ⌦, an open subset of Rn
. We obtain the nonstandard counterpart of the space of

Colombeau’s algebra of generalized functions. Such spaces are investigated by Todorov,

see [5]. The second is the F-nonstandard hull of C[T1, . . . , Tn], the space of polynomi-

als in n-indeterminates. In this case, we get the nonstandard counterpart of the space

Colombeau’s holomorphic generalized functions. To achieve our goal, we prove that any

entire generalized function has an entire generalized representative. Our proof is an adap-

tation to higher dimensions of [4], where the authors showed that any generalized holo-

morphic function has a global representative in any domain of C. On polydiscs, we

approximate internal holomorphic functions by internal polynomials. The degrees of such

polynomials will be chosen in
F
bCN, the monoid of (

bC,F) naturals, see [3].

Next, we provide a simple proof of the identity theorem for generalized entire functions

using its Taylor expansion as a generalized power series over
F
bCN.

These results constitute a decisive step toward the development of a theory of holomor-

phic generalized functions using nonstandard analysis. The need to go in such a theory to

other convex subrings F than only the ring M⇢ has been apparent in many applications

and has inspired other authors to use subrings defined by asymptotic scales, see [1]. Char-

acteristically, nonstandard analysis allows for a general framework at a minimal technical

cost. The introduction of the sets of hypernatural numbers
F
bCN is a natural language to

describe the behaviour of holomorphic generalized functions in such a general framework.
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ON THE CAUCHY PROBLEM FOR A CLASS OF
DEGENERATE HYPERBOLIC EQUATIONS

MATTHIAS KRÜGER

We develop a pseudodi↵erential calculus for a hyperbolic Cauchy prob-
lem, where the coe�cients degenerate like a power of t+ |x|2 as (t, x) �!
(0, 0). Symbol classes and pseudodi↵erential operators are introduced. In
this process, it becomes apparent that exactly in the origin, these opera-
tors are of type (1, 1). Although these operators are not L2-continuous in
general, a proof of continuity in C ([0, T ], L2(Rd)) is given for a suitable
subclass. An adapted scale of function spaces is defined, where at t = 0
these spaces coincide with 2-microlocal Sobolev spaces with respect to
the Lagrangian T ⇤

0Rd. In these spaces, energy estimates are derived, so
that a symbolic approach can be applied to prove well-posedness of the
Cauchy problem. This is joint work with Ingo Witt (Göttingen).
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DEGENERATE PARABOLIC EQUATIONS ON COMPACT

RIEMANNIAN MANIFOLDS

MELANIE GRAF, MICHAEL KUNZINGER, AND DARKO MITROVIĆ

We consider the degenerate parabolic equation

@tu+ divfx(u) = div(div(Ax(u))), x 2 M, t � 0

on a smooth, compact, d-dimensional Riemannian manifold (M, g). Here, for each u 2 R,
x 7! fx(u) is a vector field and x 7! Ax(u) is a (1, 1)-tensor field on M such that

u 7! hAx(u)⇠, ⇠i, ⇠ 2 TxM , is non-decreasing with respect to u. The fact that the

notion of divergence appearing in the equation depends on the metric g requires revisit-

ing the standard entropy admissibility concept. We derive it under an additional geometry

compatibility condition and, as a corollary, we introduce the kinetic formulation of the

equation on the manifold. Using this concept, we prove well-posedness of the correspond-

ing Cauchy problem.
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INDIRECT BOUNDARY INTEGRAL EQUATION METHOD

ANGELICA MALASPINA

Results concerning the regularization of some integral equations of the first kind in-
volved in the study of boundary value problems by means of an indirect boundary integral
method are presented for di↵erent partial di↵erential equations in simply and multiply
connected domains.
The talk is based on joint papers with Alberto Cialdea and Vita Leonessa (see, e.g.,

[1, 2, 3]).
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PSEUDODIFFERENTIAL QUANTIZATION

FOR EXPONENTIAL LIE GROUPS

MARIUS MĂNTOIU, MICHAEL RUZHANSKY 1, AND MAXIMILIANO SANDOVAL 2

In recent papers and books, a global quantization has been developed for unimodular
groups of type I . It involves operator-valued symbols defined on the product between
the group G and its unitary dual bG, composed of equivalence classes of irreducible rep-
resentations. For compact or for graded Lie groups, this has already been developed
into a powerful pseudo-di↵erential calculus. In the present article we extend the formal-
ism to arbitrary locally compact groups of type I , making use of the Fourier theory of
non-unimodular second countable groups. The unitary dual and its Plancherel measure
being quite abstract in general, we put into evidence situations in which concrete forms
are available. For exponential Lie groups, Kirillov theory and parametrizations of large
parts of G allow rewriting the basic formulae in a manageable form. Some examples of
completely solvable groups are worked out.
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ADMISSIBLE DATA SPACE OF THE CAUCHY PROBLEM FOR
SYSTEMS

WAICHIRO MATSUMOTO

We consider the wellposedness of the Cauchy problem for the operators with constantly
multiple characteristics. 109 years ago, E. E. Levi[5] gave a su�cient condition of the C1

wellposedness for higher order scalar equations with constantly multiple characteristic
roots in case of the dimension of x-space one. He also showed his condition becomes
necessary when coe�cients are constant. After S. Mizohata and Y. Ohya[14], [15], the
necessary and su�cient condition of the C1 wellposedness for higher order scaler equation
was finally obtained by H. Flaschka and G. Strang[3] (necessity) in 1971 and J. Chazarin[1]
(su�ciency) in 1974.
For first order systems with constantly multiple characteristics, W. Matsumoto[7], [8]

consider a necessary condition and a su�cient condition assuming the multiplicities are
at most double but without rank conditions.
We consider the Cauchy problem of a first order system of partial di↵erential equations:

(1)

8
><

>:

P (t, x;Dt, Dx)u ⌘ {P1(t, x,Dt, Dx) + B(t, x)}u
⌘ {Dt �

P`
i�1 Ai(t, x)Dxi +B(t, x)}u = f(t, x)

u(t0, x) = u0(x) ,

where Ai(t, x) and B(t, x) are square matrices of order `, f is a `-dimensional given
vector valued function, u is a `-dimensional unknown vector valued function and u0 is a
`-dimensional given vector valued initial data, where all elements belong to C1..
Let X be a subset of C`.

Definition 1 (X-wellposedness). We say that the Cauchy problem (1) is X-wellposed,
when (1) with the initial time t0 has a unique C1 local solution near (t0,x0) for every
(t0,x0) , every f in C1

t (X) and every u0 in X.

Assumption 1. P1 have the characteristics with constantly multiplicities at most double.

We set subprincipal symbol

Ps(t, x; ⇠) = B(t, x)� 1

2

X̀

i=1

P1
(i)
(i), .

coP1 is the cofactor matrix of P1. S. Tarama gave the following expreasion of Levi Condi-
tion [17].

Theorem 1 (Levi Condition). If the Cauchy problem (1) is C1-wellposed,

(2) coP1Ps
coP1 +

1

2
p
�1

coP1{P1, coP1}

vanishes on each double characteristic.

Theorem 2. @If the coe�cients of P1 belong to a quasianalytic class, Levi Condition is
also su�cient for the C1-wellposedness.

When the coe�cients of P1 belong to a nonquasianalytic class, we can construct an
example where P satisfies Levi condition but (1) is not C1-wellposed.

1



2 WAICHIRO MATSUMOTO

Example 1.

P (t, @t, @x) = I3@t �
✓
0 µ(t)
0 0

◆
@x �

✓
0 0

⌫(t) 0

◆
,

where µ(t)⌫(t) ⌘ 0 and µ(t) and ⌫(t) have infinitely many flat points.

We take logarithmically convex {Mn}1n=0 (M0 = M1 = 0).

Definition 2.

f(x) 2 C{Mn}
() there exist C > 0 and R > 0 such that |f (↵)(x)|  CR|↵|M|↵| (↵ 2 Z+

`+1)

We consider C{Mn} as the admissible data space X.

Question When the coe�cients of P1 belong to a nonquasianalytic C{Mn}, which X can
be taken?
Let {�k(t, x; ⇠)}mk=1 be the characteristic roots of P1 ({�k(t, x; ⇠)}m2

k=1 are double and the
rests are single).

Theorem 3. There is a pseudodi↵erential matrix N(t, x;Dx) such that

N�1 � P �N = �m
k=1P (j)

(3)

P (j) = I2(Dt � �k(t, x;Dx)� A(k)(t, x;Dx) + B(k)(t, x;Dx) + terms of order � 1

A(k) is of order 1 and nilpotent, B(k) is of order 0 (1  k  m2)

= Dt � �k(t, x;Dx) + terms of order 0 (m2 + 1  k  m)

We set Ln =
Mn

n!
.

Assumption 2. {Ln}1n=0 is logarithmically convex.

When coe�cients of P1 belon to C{Mn}, P (j) are pseudodi↵erential operator of class
C{Mn}.
Proposition 4. A (vector valued) For function g(t,v) in C{Mn}, ordinary di↵erential
equation 8

<

:

dv

dt
= g(t,v)

v(0) = v0

has a unique solution in C{Mn}.
Corollary 5. We assume the coe�cients of P1 belong to a nonquasianalytic C{Mn}.
From now on, we consider the unit eigenvector of A(k) along each characteristic strip.We
set I = {t 2 [T1, T2] : rankA(k) = 1}. I is a open set and a disjoint sum of open intervals
{I(s)}s. The unit eigen vector of A(k) belongs to C{Mn}

�
Ī(s)

�
.

Remark 1. In general, we cannot obtain the continuity of the unit eigenvector of A(k)
transversally the characteristic strips.

Example 2. For

P1 = I2@t �
✓
x1x2 �x1

2

x2
2 �x1x2

◆
@x1 ,

the Cauchy problem (1) is C1 wellposed under Levi Condition but the unit eigenvector

1p
x1

2 + x2
2
t(x1, x2)



ADMISSIBLE DATA SPACE OF THE CAUCHY PROBLEM FOR SYSTEMS 3

is not continuous at (0, 0).

We take the associated function of {Ln}: T (t) = sup
n�0

rn

Ln
.

Theorem 6. If the coe�cients of P1 depend only on the time variable t and belong to a
nonquasianalytic class C{Mn}, the admissible space X is taken C{Nn},

Nn = n!
�
T (n/`R)

�n

For example, when Mn = n! ( > 1 Gevrey class),

Nn =
�
(� 1)(R(T2 � T1)

�1/(�1)n/(�1)
�

As


� 1
is greater than 1, C{Nn} is much larger than any Gevrey class!
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Pub.RIMS Kyoto Univ. Ser.A 4 (1968), 511-526.
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partielles linéaires et à coe�cients constantes, Ann.Inst.Fourier, Grenoble, 51 (1965), 225-311.
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ON THE GEVREY WELL-POSEDNESS OF THE KIRCHHOFF
EQUATION

TOKIO MATSUYAMA

In this talk I inform the result on the almost global solvability of the Cauchy problem

for the Kirchho↵ equation in the Gevrey space �
s
⌘,L2 . Furthermore, similar results are

obtained for the initial-boundary value problems in bounded domains and in exterior

domains with compact boundary.

As it is well known, this equation has a Hamiltonian structure, nevertheless it involves

a challenging problem whether or not, one can prove the existence of time global solutions
corresponding to data in Gevrey classes, H

1-class or standard Sobolev spaces without
smallness condition. Up to now, there is no solution to these problems. The result in this

talk provides a big progress in the theory of the Kirchho↵ equation. This talk is based on

the joint work with Michael Ruzhansky from Imperial College London.
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Lp�BOUNDEDNESS OF PSEUDODIFFERENTIAL OPERATORS AND

PROPAGATION OF SINGULARITIES FOR SOLUTIONS TO PARTIAL

DIFFERENTIAL EQUATIONS

ALESSANDRO MORANDO

We present some results on Lp�boundedness of pseudodi↵erential operators with smooth
and non smooth symbol, when 1 < p < 1 is di↵erent from 2. Applications to microlocal
propagation of singularities for partial di↵erential equations in the framework of weighted
Sobolev spaces of Lp�type will be discussed.
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FOURIER INTEGRAL OPERATORS AND WAVE PROPAGATION IN

RANDOM MEDIA

MICHAEL OBERGUGGENBERGER 1 AND MARTIN SCHWARZ 2

Wave propagation in a linear, homogeneous, isotropic medium can be described by
means of pressure- and shear wave potentials, which satisfy four uncoupled wave equations.
Splitting the wave operators in products of two half wave operators @t ± ic

p
��, the

response of the dynamically excited medium can be synthesized from a sum of Fourier
integral operators. In the unperturbed material, the phase functions of the Fourier integral
operators are of the form (x⇠ ± c|⇠|t) where c is the propagation velocity corresponding
to the wave type.
Based on this mean field representation, random properties of the medium can be

modelled by means of perturbed phase functions (x⇠ ± c(x)|⇠|t), where c(x) is a random
perturbation of the mean propagation velocity c. This approach shifts the burden of
modelling the randomness of the medium by means of random coe�cients in the under-
lying wave equations to modelling the random propagation geometry through the phase
functions.
In the intended applications to material science, the coe�cient c(x) is chosen as a

random field with shape parameters calibrated by measured waves at sensor locations.
The stochastic output generated by the Fourier integral operator representation of the
solution can be used for prediction of stochastic properties of the medium. It can also be
used for detecting changes in the properties of the medium, for example, deterioration or
damage.
This talk will address theoretical issues pertaining to random phase functions as well as

a validation of the concept by means of simulated waves in a three-dimensional continuum
with varying stochastic properties.
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MICROLOCAL PROPERTIES OF PSEUDODIFFERENTIAL
OPERATORS WITH SYMPLECTIC-INVOLUTIVE

CHARACTERISTICS

PETAR R. POPIVANOV AND ANGELA SLAVOVA
1

This talk deals with the classical microlocal properties of several classes of pseudodif-
ferential operators having symplectic-involutive characteristics. Therefore, the principal
symbol vanishes of second order at the intersection of transversal symplectic and involutive
submanifolds. Then microlocal hypoellipticity, (non)solvability are studied and subellip-
tic estimates with loss of regularity bigger than 1 are obtained. The main conditions
are imposed at the subprincipal symbol. They imitate the properties of the subelliptic
operators of principal type.
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FOURIER INTEGRAL OPERATORS WITH HÖLDER-CONTINUOUS
PHASE

ELENA CORDERO
1
, FABIO NICOLA

2
, AND EVA PRIMO

3

In this talk we will study continuity properties in Lebesgue spaces for a class of Fourier

integral operators. The phase defining these operators can have a Hölder-type singularity

at the origin. We will see boundedness results in L1
with a precise loss of decay depending

on the Hölder exponent, and we will see that a loss occurs even in the case of smooth

phases. The continuity in L2
will be seen as well by providing su�cient conditions and a

relevant counterexample studying that the result in L1
doesn’t work for L2

.
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SCHRÖDINGER OPERATORS WITH SINGULAR POTENTIALS
SUPPORTED ON UNBOUNDED HYPERSURFACES

VLADIMIR RABINOVICH

We consider Schrödinger operators H = �� +W +Ws in Rn with regular potentials
W 2 L

1(Rn) and singular potentials Ws 2 D
0(Rn) supported on unbounded enough

smooth hypersurfaces �. We study an extension of H as a symmetric operator in L
2(Rn)

with domain C
1
0 (Rn

\�) to a self-adjont operator H in L
2(Rn). Such extension is realized

as an operator of the transmission problem for �� + W in the space H
2(Rn

\�) with
some transmission conditions on �. This result is applied to an e↵ective description of the
essential spectra of Schrödinger operators with singular potentials.
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A GENERALIZED LEVI CONDITION FOR WEAKLY HYPERBOLIC
CAUCHY PROBLEMS

MICHAEL REISSIG

We consider the Cauchy problem for weakly hyperbolic m-th order partial di↵erential
equations with coe�cients low-regular in time and smooth in space. It is well-known that
in general one has to impose Levi conditions to get C1 or Gevrey well-posedness even
if the coe�cients are smooth. We use moduli of continuity to describe the regularity of
the coe�cients with respect to time, weight sequences for the characterization of their
regularity with respect to space and weight functions to define the solution spaces. Fur-
thermore, we propose a generalized Levi condition that models the influence of multiple
characteristics more freely. We establish su�cient conditions for the well-posedness of
the Cauchy problem, that link the Levi condition as well as the modulus of continuity
and the weight sequence of the coe�cients to the weight function of the solution space.
Additionally, we obtain that the influences of the Levi condition and the low regularity
of coe�cients on the weight function of the solution space are independent of each other.
This is a joint project with my PhD student Daniel Lorenz.
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AN INSTRUCTIVE CLASS OF FUNCTION SPACES
IN TFA

T
PDE

DAVID ROTTENSTEINER

We show that generalized time-frequency shifts on the Heisenberg group Hn
⇠= R2n+1,

realized as a square-integrable unitary irreducible representation of a nilpotent Lie group
acting on L2(Hn), give rise to a novel type of function spaces on R2n+1.
In doing so, we answer the question whether representations of nilpotent Lie groups

ever yield coorbit spaces distinct from the classical modulation spaces Mp,q
s (Rn), n 2 N.

Our analysis and proof of novelty are based on coorbit theory and decomposition space
theory, in particular Voigtlaender’s recent contribution [1].
As an application we discuss what makes these spaces ill-suited for DOs inOPSm

1,0(R
2n+1)

in contrast to Hs(R2n+1), Bp,q
s (R2n+1),Mp,q

s (R2n+1).
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A STUDY OF SOLUTIONS FOR DIFFERENTIAL SYSTEMS WITH
EFFECT OF DELAY AND IMPULSES

GURPINDER SINGH SAMRA

The ordinary di↵erential equations widely used in time frequency analysis, mathemat-
ical signal processing and many other fields. The solutions of such equations can be
obtained by using method of series, Laplace Transformations etc. But, many of them are
a↵ected by impulses and delays i.e. when the value of variable depends on its previous
values are very di�cult to solve due to the discontinuity at impulse moments. In this
proposed work, a new approach is presented to get the solution of such problems. The
solutions so obtained can also give direction to many existing problems in literature for
further studies.
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THE BILINEAR MULTIPLIER PROBLEM FOR MIXED LORENTZ
TYPE MODULATION SPACES

AYSE SANDIKCI

Let 1 < P1, P2 < 1, 1  Q1, Q2 < 1, 1  P3, Q3  1. Also let m (⇠, ⌘) be a bounded
function on R2d. Define

Bm (f, g) (x) =

Z

Rd

Z

Rd

f̂ (⇠) ĝ (⌘)m (⇠, ⌘) e2⇡ih⇠+⌘,xid⇠d⌘

for all f , g 2 S
�
Rd

�
. m is said to be a bilinear multiplier onRd of type (P1, Q1;P2, Q2;P3, Q3),

if there exists C > 0 such that

kBm (f, g)kM(P3,Q3)
 C kfkM(P1,Q1)

kgkM(P2,Q2)

for all f , g 2 S
�
Rd

�
. That means Bm extends to a bounded bilinear operator from

M (P1, Q1)
�
Rd

�
⇥ M (P2, Q2)

�
Rd

�
to M (P3, Q3)

�
Rd

�
, where M (P,Q)

�
Rd

�
is the set of

all tempered distributions f 2 S 0 �Rd
�
such that the short-time Fourier transform Vgf of

f is in the Lorentz mixed norm space L (P,Q)
�
R2d

�
. The study of the some properties

of these spaces is investigated and give some examples.

Some key references are given below.
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ON THE HOMOTOPY CLASSIFICATION OF A CLASS OF
NONLOCAL ELLIPTIC BOUNDARY VALUE PROBLEMS

ANTON SAVIN

An important role in the solution of the index problem for elliptic operators stated by
Gelfand is played by the homotopy classification, i.e., by the computation of the group
of stable homotopy classes of elliptic operators. The homotopy classification was first
obtained on a closed smooth manifold by Atiyah and Singer in terms of the topological
K-groups of the cotangent bundle of the manifold. Then homotopy classifications were
obtained in a number of other interesting situations (on manifolds with boundary, strati-
fied manifolds, manifolds with polycylindrical ends, etc.) by many authors (e.g., see works
by Atiyah and Bott; Boutet de Monvel; Melrose; Nazaikinskii, Savin and Sternin).
We consider a class of elliptic problems associated with actions of groups on manifolds

(see for example works by Connes, Antonevich, Lebedev). In the talk, we explain, how
to obtain homotopy classification for a class of nonlocal elliptic boundary value problems
associated with an action of a discrete group on a manifold with boundary. We show that
the following isomorphism of groups holds

Ell(M,G) ' K0(C0(T
⇤M�)⇥G),

where on the left hand side we have the group of stable homotopy classes of elliptic
boundary value problems in question and on the right hand side we have the K-group
of the C⇤-crossed product of the clgebra of continuous functions on the cotangent bundle
of the interior M� of a manifold with boundary and a discrete group G, acting on this
algebra by automorphisms. Note that the latter K-group can be computed in topological
terms for many groups G.
The results presented in this talk were obtained in a joint work with Prof. Boris Sternin.

The work was partially supported by RFBR grants Nos. 16-01-00373, 15-01-08392 and
Ministry of Education and Science of the Russian Federation (the agreement number
02.A03.21.0008).
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THE POROUS MEDIUM EQUATION ON MANIFOLDS WITH
CONICAL SINGULARITIES

NIKOLAOS ROIDOS 1, ELMAR SCHROHE, AND JÖRG SEILER 2

The porous medium equation is the quasilinear di↵usion equation

u0(t)��(um(t)) = f(u, t), t > 0, u(0) = u0.

It describes the flow of a gas in a porous medium; here u is the density of the gas, m > 0,
and f is a forcing term which we assume for simplicity holomorphic in u and Lipschitz in
t.
We study this equation on a manifold with conical singularities. Apart from existence

and uniqueness of solutions we are interested in the specific properties of the solutions
that can be traced back to the singular geometry.
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RESOLUTION OF WAVE FRONT SETS BEYOND GEVREY

REGULARITY

NENAD TEOFANOV

We turn our attention to some aspects of the influential book “Linear Partial Di↵erential

Operators in Gevrey Spaces” written by Professor Rodino and published 25 years ago.

The main problems of the general theory: hypoellipticity, solvability and propagation

of the (micro)local Gevrey singularities are studied there using the methods of microlocal

analysis.

The interplay between the test function space and the related notion of microlocalization

serves as an inspiration for this lecture. On the one hand side, we o↵er an approach

to extended Gervey regularity and describe its main features. On the other hand, we

discuss several versions of wave front sets. We will take a brief look at some aspects of

di↵erent fields of studies in which the concept of wave front set plays a prominent role,

such as time-frequency analysis, quantum field theory and qualitative analysis of partial

di↵erential equations.

The last part of the lecture is devoted to the resolution of wave front sets in the context

of time-frequency analysis which o↵ers a natural digitization of continuum theory thus

leading to the notion of discrete wave-front set.
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[1] K. Johansson, S. Pilipović, N. Teofanov, J. Toft Discrete Wave-front sets of Fourier Lebesgue and

modulation space types, Monatshefte fur Mathematik, 166 (2) (2012), 181–199.
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FOURIER ANALYSIS GENERATED BY RIESZ BASES

MICHAEL RUZHANSKY 1 AND NIYAZ TOKMAGAMBETOV

Here, we discuss notions of convolutions generated by biorthogonal systems of elements

of a Hilbert space. We develop the associated biorthogonal Fourier analysis and the theory

of distributions, discuss properties of convolutions and give a number of examples.

1 Imperial College London
E-mail address: m.ruzhansky@imperial.ac.uk

al–Farabi Kazakh National University, Almaty, Kazakhstan
E-mail address: tokmagambetov@math.kz
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ALMOST DIAGONALIZATION OF ⌧-PSEUDODIFFERENTIAL

OPERATORS

S. IVAN TRAPASSO

In the recent joint work [1] with E. Cordero and F. Nicola we dealt with almost diago-

nalization of ⌧ -pseudodi↵erential operators using techniques from time-frequency analysis.

Our study is carried out on function spaces of major relevance in this framework, namely

modulation and Wiener amalgam spaces. Gröchenig employed a time-frequency approach

in his work [2], almost diagonalizing Weyl operators with symbols in the modulation space

M1,1
(better known as Sjöstrand class). This result provided new insights on a number

of well-known outcomes previously obtained by Sjöstrand within the realm of classical

analysis and lead to far-reaching generalizations. We extended Gröchenig’s results to any

⌧ -pseudodi↵erential operator, for ⌧ 2 [0, 1]. Furthermore, we obtained new and strik-

ing properties of almost diagonalization for ⌧ -operators with symbols in weighted Wiener

amalgam spaces, in which case the diagonalization depends on the parameter ⌧ . In par-

ticular, we have quasi-diagonalization for ⌧ 2 (0, 1) whereas for the end-point cases ⌧ = 0

or ⌧ = 1 only weaker results hold. Due to these issues and a connection with the the-

ory of Fourier integral operators, we were able to infer boundedness, algebra and Wiener

properties for ⌧ -pseudodi↵erential operators on Wiener amalgam and modulation spaces.
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ON PSEUDO-DIFFERENTIAL EQUATIONS ON COMPACT

MANIFOLDS

VLADIMIR VASILYEV

One of main goals in the theory of pseudo-di↵erential operators and equations on a

compact manifold M is describing their Fredholm properties. To obtain this property for

a general pseudo-di↵erential operator with the symbol A(x, ⇠) we use so-called local prin-

ciple. It asserts that to obtain the Fredholm property for the mentioned general operator

we need to obtain invertibility conditions for a “model” operator in a “canonical” domain

of the Euclidean space Rm
. Such model operators have the form (for local coordinates)

u(x) 7�!
Z

Dx0

Z

Rm

A(x, ⇠)e
i(x�y)·⇠

u(y)dyd⇠, (1)

where Dx0 is a canonical domain depending on a placement of the point x0 on manifold

M .

There is a lot of canonical domains. IfM is a compact manifold without boundary there

is only one canonical domain Rm
. If M has a smooth boundary there are two canonical

domains, Rm
for inner points, and the half-space Rm

+ for boundary ones. But if @M has

singularities like conical points, wedge points etc., there other canonical domains arise.

So, for example if x0 is a conical point then

Dx0 = {x 2 Rm
: x = (x

0
, xm), xm > a|x0|, a > 0},

if x0 is a k-wedge point then

Dx0 = {x 2 Rm
: x = (x

00
, x

0
, xm), x

00
= (x1, · · · , xk), x

0
= (xk+1, · · · , xm�1),

xm > a|x0|, a > 0}.
This talk is devoted to studying local operators (1) in Sobolev–Slobodetskii spaces

H
s
(M) and describing a certain variant of symbolic calculus for such pseudo-di↵erential

operators on manifolds with a non-smooth boundary. We give also statements of boundary

value problems for corresponding elliptic pseudo-di↵erential equations and discuss solving

methods.

Some preliminary considerations are given in [1, 2, 3].
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THE ABSENCE OF REMAINDERS IN THE WIENER-IKEHARA
THEOREM

JASSON VINDAS

The Wiener-Ikehara theorem states that if a non-decreasing function S has convergent
Mellin transform on the half-plane <e s > 1 and there is a constant a such that

(1) G(s) =

Z 1

1

x
�s�1

S(x)dx� a

s� 1

admits a continuous extension to the line <e s = 1, then S has the asymptotic behavior

(2) S(x) = ax+ o(x).

This result has numerous applications to diverse areas of mathematics such as spectral
theory for (pseudo-)di↵erential operators or number theory.
If one wishes to attain a stronger remainder in (2) (compared to the error term o(x)),

it is natural to strengthen the assumptions on the analytic function (1). It is indeed
well-known that one can get reasonable remainders in the asymptotic formula for S if G
has analytic continuation to a half-plane <e s > ↵ with 0 < ↵ < 1 and certain bounds are
imposed on such analytic continuation. Müger [2] recently raised the question of obtaining
remainders if such bounds are omitted; he actually conjectured one could get the error
term O(x

↵+2
3 +") for each " > 0.

We show in this talk that the latter conjecture is false. In fact, our goal is to discuss the
more general result that no reasonably good remainder can be expected in the Wiener-
Ikehara theorem, with solely the analyticity of G(s)�A/(s�1) on <es > ↵ for 0 < ↵ < 1.
The talk is based on collaborative work with Gregory Debruyne [1].
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WAVE FRONT SETS OF GLOBAL TYPE

PATRIK WAHLBERG

The talk will treat wave front sets of global type. This means measures of singularity
in the sense of smoothness and decay simultaneously. The presented material includes
collaborations with L. Rodino, K. Pravda-Starov and R. Schulz.
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RADIATION CONDITIONS FOR PERIODIC POTENTIALS

INGO WITT

Discussions of the solvability of the Laplace operator in an exterior domain or the

Schrödinger operator with a su�ciently fast decaying potential for energies in the spec-

trum often rely on the Sommerfeld radiation conditions. To fulfill a similar program, but

for di↵erential operators modeling a periodic background, one has to take into account

certain peculiarities of spectral theory in that case, as best described by Floquet-Bloch

theory.

In this talk, I will give a short introduction to Floquet-Bloch theory and discuss spectral

properties and the limiting absorption principle for Schrödinger operators with periodic

potentials. Eventually, I will provide an intrinsic characterization of the radiation condi-

tions that arise in that case.

This is joint work with Nguyen Thai Ngoc (Göttingen/Hanoi).
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