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DYNAMICAL SAMPLING STRATEGIES FOR INITIAL DATA BEST

APPROXIMATION

ROZA ACESKA, ALESSANDRO ARSIE 1, AND RAMESH KARKI 2

We develop a mathematical framework and e�cient computational schemes to obtain

approximate and exact solutions of various classes of partial di↵erential equations (PDEs)

via scarcely sampled data. This framework combines spatial samples of various states of

the system of interest, and eventually reconstructs the solution exactly; thus, it can be

viewed as an extension of the novel, dynamical sampling techniques [1], [2], [3].

When solving a PDE of interest in real-life applications, full knowledge of the initial

conditions is often impossible due to unavailability of a large number of sensors. The

way to overcome this impairing is to exploit the evolutionary nature of the sampling

environment, while working with a reduced number of sensors, i.e., employ the concept

of dynamical sampling. This approach is beneficial in setups where the sensing network

is limited due to some access constraints. Recent results [4] show that only one sensor

employed at a crucial location at multiple time instances leads to a solution of the heat

equation, when the sine basis decomposition coe�cients of the initial conditions function

have controlled decay. We use a reduced number of sensors multiple times to compensate

for the lack of samples at a single time instance. Our focus is on developing methods

which e�ciently approximate solutions of important PDEs by engaging the dynamical

nature of the setup dictated by the initial conditions.
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SCHRÖDINGER-TYPE EQUATIONS IN GELFAND-SHILOV CLASSES

ALESSIA ASCANELLI
1
AND MARCO CAPPIELLO

2

We consider the initial value problem

(1)

8
><

>:

 
@t � i4x +

nX

j=1

aj(t, x)@xj + b(t, x)

!
u(t, x) = f(t, x)

u(0, x) = g(x)

for Schrödinger-type equations with complex-valued coe�cients on [0, T ]⇥ Rn.
It is well-known that when the coe�cients aj, b and the Cauchy data f, g are all real

valued, smooth and uniformly bounded with respect to x the Cauchy problem is L2-well-
posed, while if aj are complex valued suitable decay conditions for |x| ! 1 are needed
on the imaginary part of the coe�cients in order to obtain either L2

, H
1 or Gevrey well

posedness. It is also known that a decay at infinity of the initial data has an e↵ect on the
regularity of the solutions of the Cauchy problem.
We assume that, for s0 > 1 and � 2 (0, 1) such that s0 < 1/(1 � �), the coe�cients

satisfy

|@�
x=aj(t, x)|  C�hxi���|�|

, |@�
x<aj(t, x)|+ |@�

x b(t, x)|  C�hxi1���|�|

for � 2 Nn, 1  j  n and C� = C
|�|+1

�!s0 ; we assume f, g in the Gelfand-Shilov class
S✓
s (Rn) of smooth functions a satisfying

|@↵
a(x)|  C

|↵|+1
↵!✓e�c|x|

1
s
,

for some C, c > 0 independent of ↵, s, ✓ > 1.
We prove that for every s 2 (s0, 1/(1 � �)) and ✓ > s0 the problem (1) admits a

unique Gevrey solution of order ✓ and we state a precise relation between the behavior
for |x| ! 1 of the data and the one of the solution.
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GLOBAL PSEUDO-DIFFERENTIAL OPERATORS IN

ULTRADIFFERENTIBLE CLASSES

VICENTE ASENSIO AND DAVID JORNET
1

Given a weight function ! in the sense of Braun, Meise and Taylor, we denote by '⇤

the Young conjugate of '(x) := !(ex) and consider the global classes

S! := {f 2 C1
(Rd

) : for all � > 0,

sup

↵,�2Nd
0

sup

x2Rd

|x�D↵u(x)| exp(��'⇤
(
|↵ + �|

�
)) < +1}

introduced by Björck (and treated by several authors as Gröchenig, Zimmermann, Lan-

genbruch,... for di↵erent purposes).

Following Prangoski and other authors, we deal with amplitudes a(x, y, ⇠) 2 C1
(R3d

)

of exponential growth in all the variables that satisfy the following estimates: there is

m > 0 such that for all n 2 N there exists Cn > 0 with

��D↵
xD

�
yD

�
⇠ a(x, y, ⇠)

��  Cn
hx� yi|↵+�+�|

h(x, y, ⇠)i|↵+�+�| e
n'⇤

�
|↵+�+�|

n

�
em!(|(x,y,⇠)|)

for all (x, y, ⇠) 2 R3d
and (↵, �, �) 2 N3d

0 . Here hxi :=
p
1 + |x|2.

Then, we consider the pseudo-di↵erential operators of global type A : S! ! S! defined

by the iterated integral:

A(f) =

Z

Rd

Z

Rd

ei(x�y)⇠a(x, y, ⇠)f(y)dyd⇠, f 2 S!.

We prove that these operators are well-defined and continuous. We will develop a symbolic

calculus for them and give some applications to elliptic problems using parametrices for

these operators.
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CONE-ADAPTED SHEARLETS AND RADON TRANSFORMS

FRANCESCA BARTOLUCCI
1
, FILIPPO DE MARI

1
, ERNESTO DE VITO

1
,

AND FRANCESCA ODONE
2

We show that the 2D cone-adapted shearlet coe�cients can be computed by means
of three classical transforms: the a�ne Radon transform, a 1D wavelet transform and a
1D convolution. This yields formulas that open new perspectives both for finding a new
algorithm to compute shearlet coe�cients and for the inversion of the Radon transform.
Furthermore, the strong connection between shearlets and wavelets suggests an alternative
proof of the wavefront resolution properties of the shearlet transform.
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THE GABOR WAVE FRONT SET IN SPACES OF
ULTRADIFFERENTIABLE FUNCTIONS

CHIARA BOITI 1, DAVID JORNET 2, AND ALESSANDRO OLIARO 3

We extend a result of Rodino-Wahlberg [3] on the Gabor wave front set to the ultra-
differentiable setting. We consider, for a non-quasianalytic subadditive weight function
!, the space S! of weighted Schwartz functions:

S!(Rd) = {u 2 S(Rd) : sup
Rd

e�!(x)|D↵u(x)| < +1,

sup
Rd

e�!(⇠)|D↵û(⇠)| < +1, 8� > 0,↵ 2 Nd
0}.

This is a Fréchet space with several equivalent fundamental systems of seminorms given
by, e.g. (cf. [1, 2]):

p�,µ(u) = sup
↵,�2Nd

0

sup
x2Rd

|x�D↵u(x)|e��'⇤
!( |↵|

� )�µ'⇤
!( |�|

µ ), �, µ > 0,

or p�(u) = sup
z2R2d

|V'u(z)|e�!(z), � > 0,

where '⇤
! is the Young conjugate function of '!(t) := !(et) and V'u is the short-time

Fourier transform of u for a window function ' 2 S!(Rd).
We consider in [2] the !-wave front set WF 0

!(u) of a !-tempered ultradistribution
u 2 S 0

!(Rd) and then we consider the Gabor !-wave front set WFG
! (u). We prove that

the two wave front sets are equal.

References

[1] C. Boiti, D. Jornet, A. Oliaro, Regularity of partial di↵erential operators in ultradi↵erentiable spaces
and Wigner type transforms, J. Math. Anal. Appl. 446 (2017), 920-944.

[2] C. Boiti, D. Jornet, A. Oliaro, The Gabor wave front set in spaces of ultradi↵erentiable functions,
preprint (2017), arXiv:1706.08413; submitted for publication.

[3] L. Rodino, P. Wahlberg, The Gabor wave front set, Monatsh. Math. 173 (2014), 625-655.

1 Università di Ferrara
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MULTI-ANISOTROPIC ULTRADIFFERENTIABLE FUNCTIONS

CHIKH BOUZAR

The space of ultradi↵erentiable functions of Denjoy-Carleman type is considered as
a generalization of the isotropic Gevrey space. In the other hand, the so-called multi-
anisotropic Gevrey space has a particular case the isotropic Gevrey space.

In this talk, we first overview di↵erent classes of ultradi↵erentiable functions spaces
that justify the introduction of a class of ultradi↵erentiable functions which is connected
with the class of ultradi↵erentiable functions of Denjoy-Carleman type and the multi-
anisotropic Gevrey spaces.
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COMPARISON PRINCIPLE FOR NON-COOPERATIVE SYSTEMS

AND APPLICATIONS

GEORGI BOYADZHIEV

In this talk will be considered the validity of comparison principle for non-cooperative
elliptic and parabolic systems. A summary of the latest results for parabolic systems will
be presented, as well as some applications in existence theorems. Some examples will be
given as well.
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GLOBAL HYPERBOLIC PROPAGATORS IN CURVED SPACE

MATTEO CAPOFERRI

In [1] and [2] Laptev, Safarov and Vassiliev showed that it is possible to write the prop-

agator of a class of hyperbolic operators on manifolds as one single oscillatory integral

(FIO) with complex-valued phase function, global both in space and in time. In my talk

I will discuss a more refined, geometric version of the method, in the Riemannian setting.

In particular, the adoption of a distinguished complex-valued phase function, naturally

dictated by the geometric framework, will allow us to visualise the process of circumvent-

ing topological obstructions. The calculation of the subprincipal symbol of the propagator

will enable us to recover asymptotic spectral properties of the operators at hand. I will

discuss explicit formulae and recent results for the wave operator; time permitting, curl

and Dirac operators will be briefly analysed.

This is joint work with Dmitri Vassiliev.
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S(m, g)-CLASSES IN HÖLDER SPACES

DUVÁN CARDONA

The Weyl-Hörmander calculus is a generalisation of the well known calculus corre-

sponding to rho-delta and Beals-Fe↵ermann classes. In this talk we present some Hölder

estimates associated to the Weyl-Hörmander classes S(m, g). The presented results

generalize, in some sense, the classical result by R. Beals that operators associated to

S(1, g)�classes are Hölder-bounded.
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FUNCTION OF GENERALIZED FOURIER MULTIPLIERS

CATANĂ VIOREL

The goal of this work is to consider and study the linear operator F (T�) : H ! H

defined by

F (T�)f =

X

n2Z

F (�(n))hf, enien, f 2 H,

where H is a separable Hilbert space with the inner product h·, ·i, {en}n2Z is an orthonor-

mal basis, F : C ! C is a function with suitable properties, T� : H ! H is a linear

operator defined by

T�f =

X

n2Z

�(n)hf, enien, f 2 H

and � 2 L
1
(Z). The last operator can be considered as a generalization of the Fourier

multipliers on S
1
, the unitary circle with the center at origin. We are interested to give

some results regarding boundedness, compactness and Schatten-von Newmann properties

for this class of linear operators.

In addition we solve the following linear equation

F (T�)f + �f = g, g 2 H,

in some suitable Sobolev spaces, where F : R ! R is a real valued and nonnegative

continuous function and � is a real positive number. We remark that we can replace

the Hilbert space H, by L
2
(S

1
) or by L

2
(S), where (S,B,m) is a finite measure space

such that L
2
(S) is a separable Hilbert space. Similar results as those announced above

can also be obtained for the operators F (W�) : L
2
(Rn

) ! L
2
(Rn

), where F : R ! R
is a real valued continuous function and W� : L

2
(Rn

) ! L
2
(Rn

) is the Weyl transform

corresponding to the symbol

� 2 L
2
⇤(R2n

) = {� 2 L
2
(R2n

); �̂ 2 L
r
(R2n}, 2  r  1.

May be, in a forthcoming paper we focus our attention on the nonlinear equation

F (T�)f � U(·, f) = 0, where U : H ⇥ R ! R is a function with some suitable propreties.
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NEW METHODS FOR THE DECOMPOSITION OF NON
STATIONARY SIGNALS AND THEIR MATHEMATICAL

PROPERTIES: ITERATIVE FILTERING AND ADAPTIVE LOCAL
ITERATIVE FILTERING ALGORITHMS

ANTONIO CICONE

One way to tackle time frequency analysis of a nonlinear signal is to first decomposing
the signal into simpler components. This is the idea behind the Empirical Mode Decom-
position method, developed by Huang and his collaborators in 1998 [1]. Such technique
had a big impact in many filed of research as testified by the number of citations that their
paper received over the years, more than 10800 citations as of today on Scopus. How-
ever, the mathematical properties of this algorithm and its generalization, the Ensemble
Empirical Mode Decomposition, are still under investigation.
For this reason Lin et al. proposed in 2009 an alternative technique, called Iterative

Filtering [2]. In this talk we are going to briefly introduce these techniques as well as
present new insights into the mathematical properties of the Iterative Filtering method.
In particular we are able to show that the implemented algorithm decomposes signals into
a few almost orthogonal components [3] and that it is possible to reduce drastically its
computational time using the FFT.
Furthermore we will show the limitations of this method and introduce its general-

ization, called Adaptive Local Iterative Filtering [4]. We will present its mathematical
properties and the main open problems that still need to be tackled.
This is a joint work with Haomin Zhou (Georgia Institute of Technology).
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ENERGY DISSIPATION FOR HIGHER ORDER HYPERBOLIC
EQUATIONS

MARCELLO D’ABBICCO

In this talk, we present some recent results on how to construct lower order terms
for a generic higher order, possibly weakly, hyperbolic equation, which make the equa-
tion dissipative. The energy dissipates with a polynomial decay rate which depends on
the multiplicity of the characteristic roots. We discuss some applications to nonlinear
problems.
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NORM ESTIMATE FOR ⌧-OPERATORS IN WIENER AMALGAM

AND MODULATION SPACES

LORENZA D’ELIA

The study of pseudodi↵erential operators from a Time-Frequency perspective has at-
tracted a lot of attention in recent years. In this approach, the key tool is the weak
definition of these operators by means of duality pairing between the symbol and the
related time-frequency representation.
The aim of this talk is to extend some results about the continuity property to ⌧ -
pseudodi↵erential operators, ⌧ 2 [0, 1]. It will provide new uniform estimates for these
operators, acting on modulation spaces and having symbol in Wiener amalgam spaces,
and for the related time-frequency representation, the so-called ⌧ -Wigner representation.
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BORN-JORDAN PSEUDODIFFERENTIAL OPERATORS
WITH SYMBOLS IN THE SHUBIN CLASSES

MAURICE DE GOSSON

In this talk, which is joint work with E. Cordero and F. Nicola, we study the Born-
Jordan pseudodi↵erential calculus when the symbols of these operators belong to the
global Shubin classes. We show that this allows us to give precise asymptotic formulas
allowing to pass from Born-Jordan calculus to Weyl calculus.
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LONG TIME DECAY ESTIMATES IN REAL HARDY SPACES
FOR THE DOUBLE DISPERSION EQUATION

ALESSANDRA DE LUCA

We study the Cauchy problem for the linear double dispersion equation

utt ��utt +�
2
u��u��ut = 0, t � 0, x 2 Rn

and derive long time decay estimates for the solution in L
p
spaces, with p > 1, and in real

Hardy spaces H
p
(Rn

), p  1. We use a variant of Mikhlin-Hörmander multiplier theorem

for su�cient conditions to the H
p
-boundedness of operators, given in [1]. Finally, we find

global existence and optimal decay estimates of small data solutions to the problem with

nonlinearity �f(u).

Part of these results have been obtained in the master thesis of the author.
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GENERATION OF SEMIGROUPS FOR VECTOR-VALUED
PSEUDODIFFERENTIAL OPERATORS ON THE TORUS

ROBERT DENK

We consider toroidal pseudodi↵erential operators with operator-valued symbols, their

mapping properties and the generation of analytic semigroups on vector-valued Besov and

Sobolev spaces. We show that a parabolic toroiodal pseudodi↵erential operator generates

an analytic semigroup on the Besov space Bs
pq(Tn, E) and on the Sobolev spaceW k

p (Tn, E),

where E is an arbitrary Banach space, 1  p, q  1, s 2 R and k 2 N0. For the proof

of the Sobolev space result, we establish a uniform estimate on the kernel which is given

as an infinite parameter-dependent sum. An application to abstract non-autonomous

periodic pseudodi↵erential Cauchy problems gives the existence and uniqueness of classical

solutions for such problems.

This talk is based on joint work with B. Barraza Mart́ınez and J. Hernández Monzón.
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REFINED WEYL LAW FOR THE PERTURBED HARMONIC
OSCILLATOR

MORITZ DOLL

We consider the quantum harmonic oscillator H0 = 1/2(� + |x|2). The underlying

classical flow is periodic with period 2⇡. By an explicit calculation one can see that

the Schrödinger propagator of H0 is the identity (modulo a sign) at 2⇡Z and smoothing

otherwise.

The first part of the talk will discuss propagation of singularities for potential pertur-

bations of the harmonic oscillator. If the potential is a 1-symbol then the singularities

reappear at t = 2⇡, but possibly at di↵erent locations. In the case of an arbitrary second

order isotropic pseudodi↵erential operator, we obtain a similar description.

In the second part we consider the spectral theory of the perturbed harmonic oscillator.

There we will show that for perturbations in a certain class of isotropic 1-symbols we

obtain an improved remainder term in the Weyl law. This is based on joint work with

Oran Gannot and Jared Wunsch.
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MELLIN PSEUDODIFFERENTIAL EQUATIONS IN BESSEL
POTENTIAL SPACES

ROLAND DUDUCHAVA

One dimensional Mellin pseudodi↵erential ( DOs) equations acting in Bessel potential
spaces are considered. The study is based upon two results. The first one concerns
the interaction of Mellin  DOs and Bessel potential operators (BPOs). In contrast to
the Fourier  DOs, BPOs and Mellin  DOs do not commute and we derive an explicit
formula for the corresponding commutator in the case of Mellin  DOs with meromorphic
symbols. These results are used in the lifting of the Mellin  DOs operating between
the Bessel potential spaces to operators in the Lebesgue spaces. The operators arising
belong to an algebra generated by Mellin and Fourier convolutions acting on Lp-spaces.
Fredholm conditions and index formulae for such operators have been obtained earlier by
the authors.

The results of the present work have numerous applications in boundary value problems
for partial di↵erential equations. We will demonstrate such application to the BVP for
the Laplace-Beltrami equation with mixed Dirichlet-Neumann boundary conditions on a
smooth hypersurface C in R

3 with a smooth boundary
8
>><

>>:

�Cu(t) = f(t), t 2 C, u+(⌧) = g(⌧), ⌧ 2 �D,

(@⌫�u)
+(⌧) = h(⌧), ⌧ 2 �N , @⌫� :=

3X

j=1

⌫�,jDj.
(1)

Here @C = � = �D [ �N and �D \ �N = ; parts. ⌫(!) = (⌫1(!), ⌫2(!), ⌫3(!)), ! 2 C
is the unit normal vector field on the surface C. The Laplace-Beltrami operator �C :=
D2

1 +D2
2 ��+D2

3 is written in terms of the Günter’s tangent derivatives Dj := @j � ⌫j@⌫ ,
j = 1, 2, 3, @⌫ =

P3
j=1 ⌫j@j. The vector field ⌫�(t) = (⌫�,1(t), ⌫�,2(t), ⌫�,3(t)), t 2 � is

normal (orthogonal) to the boundary � and is tangential to the surface C, points outside
of the surface. @⌫� represents the normal derivative on the boundary @C = �.

Lax-Milgram Lemma applied to the BVP (1) gives that it has a unique solution in the
classical setting f 2 eH�1(C), g 2 H

1/2(�), h 2 H
�1/2(�).

But in some problems, for example in approximation methods, it is important to know
the solvability properties in the non-classical setting

f 2 eHs�2
p (C), g 2 W

s�1/p
p (�), h 2 W

s�1�1/p
p (�), 1 < p < 1, s >

1

p
.(2)

THEOREM. Let 1 < p < 1, s > 1/p. The BVP (1) is not Fredholm in the non-classical
setting (2) if and only if

cos2 ⇡ s�
����sin 2⇡

✓
s� 1

p

◆���� 6= 0,(3)

Moreover, are found necessary and su�cient conditions on the pair (p, s) which ensure
the unique solvability of the BVP (1).

The investigation was carried out in collaboration with V. Didenko (Brunei) and M.
Tsaava (Georgia).
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ZAKHAROV–KUZNETSOV EQUATION: WELL-POSEDNESS,
REGULARITY, LARGE-TIME DECAY, CONTROLLABILITY

ANDREI FAMINSKII

Initial-boundary value problems are considered for Zakharov–Kuznetsov equation

ut + ux + uxxx + uxyy + uux = f(t, x, y),

posed on a rectangle ⌃ = (0, R) ⇥ (0, L). This equation is a multi-dimensional gener-
alization of Korteweg–de Vries equation ut + ux + uxxx + uux = f(t, x) and is a model
equation for description of wave propagation in dispersive media. The initial condition
u
��
t=0

= u0(x, y), boundary conditions u
��
x=0

= 0, u
��
x=R

= 0, ux

��
x=R

= h(t, y) are set as
well as boundary conditions on the sides y = 0 and y = L, which can be homogeneous
Dirichlet, homogeneous Neumann or periodic.
Results on global well-posedness in the classes of weak and regular solutions, on large-

time decay of small solutions and controllability are established.
Consider, for example, the case of Dirichlet boundary conditions with respect to y. Let

T > 0 be arbitrary, BT = (0, T )⇥ (0, L).
Theorem 1 (well-posedness in the class of weak solutions). Let u0 2 L2(⌃), h 2 L2(BT ),
f 2 L1(0, T ;L2(⌃)). Then the problem is well-posed in the space C([0, T ];L2(⌃)) \
L2(0, T ;H1(⌃)).
Theorem 2 (well-posedness in the class of regular solutions). Let u0 2 H

3(⌃), h 2
H

1,3
t,y (BT ), u0(0, y) = u0(R, y) ⌘ 0, u0x(R, y) ⌘ h(0, y), u0(x, 0) = u0yy(x, 0) = u0(x, L) =

u0yy(x, L) ⌘ 0, h(t, 0) = hyy(t, 0) = h(t, L) = hyy(t, L) ⌘ 0, f ⌘ 0. Then the problem is
well-posed in the space {@m

t u 2 C([0, T ];H3(1�m)(⌃)) \ L2(0, T ;H3(1�m)+1(⌃)),m  1}.
Theorem 3 (large-time decay). Let u0 2 L2(⌃), h ⌘ 0, f ⌘ 0,

⇡
2
� 3

R2
+

1

L2

�
> 1,

then there exist ✏0 > 0 and  > 0, such that if ku0kL2(⌃)  ✏0, the corresponding unique
solution to the considered problem u 2 C([0, T ];L2(⌃))\L2(0, T ;H1(⌃)) 8T > 0 satisfies
an inequality

ku(t, ·, ·)kL2(⌃) 
p
1 +Re

�tku0kL2(⌃) 8 t > 0.

Theorem 4 (boundary controllability with final overdetermination). Let L  ⇡, f ⌘ 0.
Then there exists � > 0, such that if ku0kL2(⌃) + kuTkL2(⌃)  �, there exists h 2 L2(BT ),
such that the corresponding weak solution u 2 C([0, T ];L2(⌃)) \ L2(0, T ;H1(⌃)) verifies
u
��
t=T

= uT .
Theorem 5 (right side controllability with integral overdetermination). Let h ⌘ 0, ! 2
C

1
0 (⌃), g 2 C([0, T ];L2(⌦)),

��RR
⌃ g(t, x, y)!(x, y) dxdy

�� > 0 8t 2 [0, T ], ' 2 W
p
1 (0, T )

for certain p 2 [1,+1], '(0) =
RR

⌃ u0! dxdy. Then there exists a unique function f0 2
Lp(0, T ), such that the corresponding weak solution u 2 C([0, T ];L2(⌃))\L2(0, T ;H1(⌃))
for f(t, x, y) ⌘ f0(t)g(t, x, y) satisfies an equality

ZZ

⌃

u(t, x, y)!(x, y) dxdy = '(t) 8 t 2 [0, T ].
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SUFFICIENT CONDITIONS FOR LOCAL SOLVABILITY OF SOME

DEGENERATE PARTAL DIFFERENTIAL OPERATORS

SERENA FEDERICO

I will show a local solvability result for some degenerate second order linear partial
di↵erential operators with smooth coe�cients. The class under consideration is also char-
acterized by the presence of operators whose principal symbol may possibly change sign.
When one deals with multiple characteristics operators the analysis of the suprincipal part
plays a fundamental role in order to determine the local solvability property. I will give
some su�cient conditions for the L2- local solvability of operators of the form

P =
NX

j=1

X⇤
j fjXj + iX0 +XN+1 + a0,

where the Xj = Xj(x,D), 0  j  N + 1, are homogeneous first order linear partial
di↵erential operators with smooth coe�cients defined on an open set ⌦ ✓ Rn, fj = fj(x) 2
C1(⌦;R) are real smooth functions possibly vanishing at some point of the set ⌦, while
a0 2 C1(⌦;C). We shall see that su�cient conditions are given in terms of relations
between principal and subrincipal part of the operator.
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MODULATION SPACES FROM THE VIEW-POINT OF COORBIT
THEORY

HANS FEICHTINGER

Historically, Wiener Amalgam spaces have allowed to define modulation spaces via

uniform decompositions of tempered distributions on the Fourier transform side. Basic

results concerning e.g. duality, pointwise multipliers or the equivalence of continuous and

discrete norms (using partitions of unity) have been formulated in the even more general

context of decomposition spaces.

The now traditional approach to modulation spaces, starting from their characterization

by means of the short-time Fourier transform was a strong motivation for the development

of coorbit theory, which provides a unified approach to wavelet theory, modulation spaces,

but also many classical and new function spaces (e.g. related to the shearlet group).

As a special case of coorbit spaces, namely the ones obtained by making use of the

Schrödinger representation of the reduced Heisenberg group, many results about general

modulation spaces follow more or less directly by specialization of the general theory.

However, this is sometimes not so obvious, and hence this talk is going to point out a few

of these connections.

TUM Muenich and Universität Wien, NuHAG

E-mail address: hans.feichtinger@univie.ac.at

1



THE GROTHENDIECK TOPOS OF GENERALIZED FUNCTIONS

PAOLO GIORDANO

We present a new approach to generalized functions, so-called generalized smooth

functions (GSF). GSF are set-theoretical maps defined on, and taking values in the

non-Archimedean ring (i.e. with real, infinite and infinitesimal numbers) of Robinson-

Colombeau, and form a concrete category which unifies and extends Schwartz distribu-

tions and Colombeau generalized functions. The calculus of these generalized functions

is closely related to classical analysis, with point values, the usual rules for di↵erentiation

and integration, free composition and hence non linear operations. We have classical the-

orems such as: intermediate value theorem, mean value theorems, extreme value theorem,

several forms of Taylor formula, local and global inverse and implicit function theorems,

generalized sheaf property in the sharp topology; Multidimensional integration with gen-

eralized �-additivity, monotone and dominated convergence theorems; A full theory of

non-Archimedean locally convex topological vector spaces of GSF; A theory of singular

nonlinear ODE with Banach fixed point theorem, Picard-Lindelf theorem, maximal set of

existence, Gronwall theorem, flux properties, continuous dependence on initial conditions,

full compatibility with classical smooth solutions; Calculus of variations with: fundamen-

tal lemma, second variation and minimizers, necessary Legendre condition, Jacobi fields,

conjugate points and Jacobi’s theorem, Noether’s theorem. Using GSF, we can also prove

a Picard-Lindelf theorem for nonlinear singular PDE in normal form. Statements of these

results are faithful transfers of the corresponding classical results. Finally, we can define

a concrete site and hence a Grothendieck topos of sheaves of generalized functions which

contains the sheaves of Schwartz distributions and Colombeau generalized functions. This

universe (topos) faithfully embed classical smooth manifolds and is closed with respect

to products, sums, pull-backs, push-outs, equalizers, infinite-dimensional function spaces,

arbitrary subspaces, etc. It is hence a potential good framework for the study of spaces

and functions with singularities.

This is a joint work with M. Kunzinger and L. Luperi Baglini (University of Vienna).

References

[1] A. Lecke, L. Luperi Baglini, P. Giordano, The classical theory of calculus of variations for generalized
functions. Accepted in Advances in Nonlinear Analysis. DOI: 10.1515/anona-2017-0150.

[2] P. Giordano, M. Kunzinger, Inverse Function Theorems for Generalized Smooth Functions. Chapter in
”Generalized Functions and Fourier Analysis”, Volume 260 of the series Operator Theory: Advances
and Applications pp. 95-114.

[3] P. Giordano, M. Kunzinger, H. Vernaeve, Strongly internal sets and generalized smooth functions.
Journal of Mathematical Analysis and Applications, volume 422, issue 1, 2015, pp. 56-71.

[4] P. Giordano, M. Kunzinger, A convenient notion of compact set for generalized functions. Accepted
in Proceedings of the Edinburgh Mathematical Society. DOI: 10.1017/S0013091516000559.

[5] P. Giordano, home page: www.mat.univie.ac.at/~giordap7/

Wolfgang Pauli Institute, Vienna
E-mail address: paolo.giordano@univie.ac.at

1



DECAY ESTIMATES FOR A DAMPED KLEIN-GORDON EQUATION
WITH TIME-DEPENDENT COEFFICIENTS

GIOVANNI GIRARDI

We obtain decay estimate for the solution to
(
utt ��u+ b(t)ut +m2(t)u = 0, t � 0, x 2 Rn,

u(0, x) = f(x), ut(0, x) = g(x).

To derive our estimates, we study the micro-energy dividing the extended phase space
in zones, according to the time variable (see [2]). We have a particular interest in the
asymptotic profile of the solution in the zone of interplay between damping and mass.
We show an application of the obtained estimates to the semilinear problem with power
nonlinearity |u|p (see [1]).
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PATH INTEGRAL REGULARIZATION AND THE GENERALIZED
KONTSEVICH-VISHIK TRACE

TOBIAS HARTUNG

In this talk, we will have a closer look at a regularized path integral definition based
on the generalized Kontsevich-Vishik trace, as well as, a number of physical examples.
Using Feynman’s path integral formulation of quantum mechanics, it is possible to

formally write partition functions and expectations of observables in terms of operator
traces. Unfortunately, these operators are generally not of trace-class. Hence, a number
of techniques have been developed to compute these path integrals. In practice, physicists
often employ methods that replace these unknown traces with pseudo-di↵erential traces
(e.g. Wick rotations which turn Minkowski space-time into Euclidean space-time) and/or
matrix traces (e.g. space-time discretization in Lattice Gauge Theories). Thus, a unified
approach should contain these two special cases and the (generalized) Kontsevich-Vishik
trace (for Fourier Integral Operators) is therefore a natural choice of trace construction;
especially since it is the only trace on classical pseudo-di↵erential operators that coincides
with the canonical trace on trace-class operators.
Since there are situation in which Wick rotations are not possible (high energy scales

beyond the standard model, the early universe, and many cross sections and form factors
that are dominated by a region close to the light cone; e.g., parton distribution functions
are very hard to access in Lattice QCD since they are given by light-cone correlation func-
tions and Wick rotations map all light-like distances to zero), we obtain a true extension
to the highly successful approach of Lattice Gauge Theories which may give means to
computationally evaluate previously inaccessible physical problems.
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WEYL TRANSFORM ON THE SPACE OF TEMPERED
DISTRIBUTIONS

SMILJANA JAKŠIĆ

We start this talk by the Laguerre characterization of the space of tempered distribu-
tions on positive orthant. We apply the characterization to prove boundedness of Weyl
pseudo-di↵erential operators on the space of tempered distributions with radial symbols
from the space of tempered distributions with positive support.
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A CLASS OF WELL-POSED PARABOLIC FINAL VALUE PROBLEMS

JON JOHNSEN

In a recent joint work [1] it was proved that a large class of parabolic problems is well

posed, even when they have prescribed final values (instead of initial values). This result

is obtained via an explicit Hilbertable space Y that characterises the data that yield

existence, uniqueness and stability of solutions in the Banach space X known from the

corresponding inial value problem. The data space Y is the graph normed domain of an

unbounded operator, which backwards in time connects the given final value data to a

uniquely given initial state. The construction gives rise to a new compatibility condition

pertinent for final value problems. The general framework is evolution equations for Lax–

Milgram operators in vector distribution spaces. For the heat equation on a smooth open

set the final value problem is also covered, and for non-zero Dirichlet data a non-trivial

extension of the compatibility condition is obtained by addition of an improper Bochner

integral. This will be outlined in the talk, as time permits.
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